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Intro

These slides cover 4 root-finding methods:

1. Bisection
2. Regula falsi “method of false position”
3. Illinois method (Snyder, 1953; Dowell & Jarratt, 1971)
4. Anderson–Björck (Anderson & Björck, 1973)

I will assume you know the concept of bisection, so that will be a quick
review/reference point for us
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Motivation

Why even do this?-

Well, why even do anything? If you’re going to do something, do it well.

More importantly, when it’s 3:30am and you’re trying to speed through a calibration,
each iteration takes years off your life and decades off your rapidly dwindling sanity

• You’d like to shrink the initial brackets, but when targeting strong asymmetries
(e.g. size distributions), things don’t behave as nicely as you’d like

• Widening the brackets adds 1, maybe 2 iters, but you are no longer a sane person
that properly allocates your time
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Bisection Review

Suppose I wanted to find the root of f(x), which is continuous between a and b:

1. Pick initial brackets (a and b) where f(a) and f(b) have opposite signs

2. Find the midpoint of a and b, m = a+b
2 and take f(m)

3. If f(m) has the same sign as f(a), replace a with m
• Or, replace b with m if f(m) has the same sign as f(b)

4. Continue until |a− b| < desired_tol. Then m sufficiently approximates the root

Next slide: example with f(x) = x3 − x− 1 and initial a = 1 and b = 1.5
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Bisection: Steps 1-3 (All graphs made with Desmos)
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Bisection: Steps 4 - N

Now m = 1.375 becomes the new b and the process repeats until convergence

• Determined by |a− b| < ϵ, where ϵ is sufficiently small and chosen by the modeler

This is a perfectly valid method, but we can make it faster with the “false position”
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Regula Falsi

We use bisection, or various other numerical methods, because economics is hard
• What is simple is finding the root of a line

We can use the root of a line to better update our new a or b point:
1. Instead of the midpoint of a and b, draw a line between f(a) and f(b)

2. Call the root of this line c and take f(c)
• I’m using c since this is no longer a midpoint, but call it m if you like

3. If f(c) has the same sign as f(a), replace a with c
• Or, replace b with c if f(c) has the same sign as f(b)

4. Continue until |a− b| < desired_tol. Then c approximates the root (more latter?)
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Building the Line

To draw our line, linearly interpolate (and rearrange a bit) f(a) and f(b):

c = b− f(b)× (b− a)
f(b)− f(a)

Optional: set a condition to use the smaller |f(val)|. If |f(a)| < |f(b)|, use:

c = a− f(a)× (b− a)
f(b)− f(a)

• This likely won’t matter outside of floating-point dust
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Regula Falsi: Steps 1-4
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Issues?

Consider the case of f(x) = x10 − 1 on [0, 1.3]
• f(x) is flat near 0 and blows up near 1.3
• Our line always crosses the axis around
the left end

• b = 1.3 is retained forever and a crawls
towards 1 (true root)

• Why can’t |a− b| work here? Hint: think
about 0.3
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The Illinois Method

The Illinois method aims to correct this issue
• First as technical note by Snyder (1953), then formalized by Dowell & Jarratt (1971)

WLOG, if sign f(c) = sign f(a), then the root is in [c,b]
• c is the new a; b remains the same
• No difference from regula falsi yet

The change comes from how we “dislodge” f(b)...
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The Illinois Insight

We need f(b) to move closer to 0 so we just halve it

Take the same regula falsi algorithm we already built, modified with:
• If sign f(c) = sign f(a) twice in a row, f(b) = f(b)

2

• If it happens again on the next iter, halve again...
• Everything else remains the same as in regula falsi
• Convergence guaranteed (halving does not change sign; stale bracket replaced)

▷ Order of convergence ≈ 1.442 (Dowell & Jarratt, 1971)

Note: some always halve the non-moving bound on every iteration. I haven’t seen a noticeable difference
when I do this.
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Regula Falsi Failure and Illinois Correction for f(x) = x10 − 1

Regula Falsi:

*Max iter hit at 100 using |f(c)| < ϵ = 1e−12

Illinois:
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The Anderson–Björck Adjustment

The Illinois method is great, but it can be sped up with a dynamic adjustment factor

WLOG, if sign f(c) = sign f(a), Anderson and Björck use k× f(b), where:

k′ = 1− f(c)
f(a) ,

k =

k
′ if k′ > 0,
1
2 otherwise.

Updating here happens each time, not after two matching signs in a row
• Everything else still remains the same as in regula falsi

▷ Order of convergence ≈ 1.7 (Anderson & Björck, 1973)
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Analyzing the Steps

From before:

k′ = 1− f(c)
f(a) , k =

k
′ if k′ > 0,
1
2 otherwise.

• Dynamism here allows us to adjust based on the relative distance of y vals

If k′ < 0, we want to avoid using it and “artificially” changing a sign with this weight
• But what does this tell us about the step we just took?
• Fallback is simply Illinois
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My JMP D-StSt: Bisection vs Anderson–Björck

Bisection: Anderson–Björck:

*Illinois took roughly 1 minute.
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Other Methods?

Many other weights exist, along with a multitude of completely different methods,
which may be faster

HOWEVER, Anderson–Björck has three benefits in one: speed, [relative] ease of
learning, and guaranteed to work

On Brent (1971), I think this is what ‘fzero’ does in MATLAB, but YOU’RE not using
pre-made computations anyway, right?? Regardless, the decision tree you’ll have to
follow for Brent is annoying and the path can move a lot with different warm starts.
Not something your K-S regression coefficients will like without a strong tolerance.
You do not want to debug this at 4:00am.
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